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In an electric circuit, the current, / amps, at time ¢ seconds is modelled by the differential equation

d’7  dI
72+6*+k[ = 6e‘t,
dr dr

where k is a positive constant which depends on the capacitor in the circuit.

(i) In the case k = 8, find the general solution. [8]

(ii) In the case k = 9,find the solution given that initially the current is 1.5 amps and & =0.

State the limiting value of the current as ¢ tends to infinity. [12]

(iii) Show that, for all positive values of k, the complementary function for this differential
equation will tend to zero as ¢ tends to infinity. (4]

Three differential equations are to be solved.

dy
2= +3y =1 1
X3y (1)
d
xzay+3xy = cosx (2)

d
x2ay+3x(y+0.1y2) = cosx (3)

(i) By separating the variables, or otherwise, solve equation (1) to find y in terms of x, subject to
the condition y = 0 when x = 1. Hence calculate y when x = 2, giving your answer correct
to three significant figures. [8]

(ii) Solve equation (2) to find y in terms of x, subject to the condition y = 0 when x = 1. Hence
calculate y when x = 2, giving your answer correct to three significant figures. [11]

Euler’s method is used to solve equation (3). The algorithm is given by

xr+1 = xr+h’

Yor1 = X Hhy
The algorithm starts fromx = 1,y = O with 27 = 0.1, and gives y = 0.034411 when x = 1.8.

(iii) Carry out two more steps of the algorithm to find an approximation for the value of y when
x = 2. How could you find this value with greater accuracy? [5]
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A rock of mass mkg is dropped from a height of 50 m above the sea. The rock falls under the action
of its weight mg N and a resistance force RN, given by R = 0.001mv?, where vm ™' is the velocity
of the rock.

At time ¢ seconds, the rock has fallen a distance x m.
(i) Show that Newton’s second law gives the equation

d
v = ¢ —0.001v2,
dx

justifying the signs of the terms. [3]

(ii) Solve this differential equation to find v in terms of x. Hence show that the rock hits the water
at a speed of 30.54 m s~!, correct to two decimal places. [7]

When the rock is in the water, the resistance to motion is modelled by R = 2mv . Assume that there
is no instantaneous change in the velocity of the rock as it hits the water, and that the only forces
on the rock are its weight and the resistance.

(iii) Formulate and solve a differential equation to find a relationship between v and x while the
rock is under water (you are not required to find v in terms of x). How deep must the water

be in order for the velocity of the rock to be reduced to 5ms™'? [9]

(iv) Use your differential equation from part (iii) to deduce the terminal velocity of the rock under
water. Sketch a graph of v against x for the entire motion of the rock. [5]

The following simultaneous differential equations are to be solved.

dx
— = x— 2y +sint

dt
B gyt
—_— = J— t
& x — 3y +cos
(i) Show that $X + 2% 4 51 — 35ins ‘ (5]
i ow that — +2—+ 5x = 3sint — cost.
dr? dr
(ii) Find the general solution for x in terms of 7. [10]
(iii) Hence obtain the corresponding general solution for y. [5]

(iv) Obtain approximate expressions for x and y in terms of ¢, valid for large r. Hence show that,
for large ¢, x is approximately equal to y. Show that, for small 7, this is not necessarily the case.

[4]
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1(1) 4°+61+8=0 M1

A=-2o0r -4 Al

CF I =Ae®+Be™ F1

Pl 1 =ae™ Bl

ae'-6ae'+8ae ' =6e" M1 differentiate and substitute

3a=6 dM1 compare

a=2 Al

| =2e '+ Ae 4+ Be™ F1 CF+PI

8

(i) 22+624+9=0 M1

A =-3 (repeated) Al

CF I =(C+Dt)e™® F1

Pl 1 =be™ Bl

be'-6be'+8be™ =6e" M1 substitute and compare

b=2 Al

I =3e"+(C+Dt)e™ F1 CF+PI

15=3+C=C=0 M1 conditionon |

I =—3e"'-3(C+Dt)e*+De™ M1 differentiate

0=-3-3C+D=D=3 M1 condition on |

I :%(e"+te’3t) Al cao

ast—-o,l >0 F1 recognise e -0

12

(il 22462+k=0=1=-3+/9-k M1
)

0<k <9=+/9—k <3= two negative roots

hence 1= Ae™*'+Be ™' -0 El

k>9= A=-3%p4] complex roots with negative real part

M1
(or CF)
e (Acos At + Bsin At) - 0 El




2() 1 dy_1
T3y dx ¥ M1 separate
] ~dy= Jidx M1 integrate
1-3y x?
ik ey L Al =z LHS
sinft-3y| =+ Al *RHS
1-3y = Ae M1 rearrange
y=0,x=1=A=¢e> M1 condition
y=1(1-exp(-3)) Al
Xx=2=y~0.259 Al from correct solution
8
(0 dr 8y 1 ok M1 divide
dx X X
I =exp( j 3 dx) M1 attempt integrating factor
i(x?’y) = XCOS X F1 follow their |
dx
xsyz_[xcosxdx:xsinx—J'sin xdx M1 integrate (by parts)
= Xsinx+cosx+ B Al RHS (or multiple) constant not
required here
y =X sinx+x3(cosx+B) M1 divide to gety
x=1y=0=B=-cosl-sinl M1 use condition
y = X2 sin X+ X~ (cos x —cosl—sin1) Al
X=2=y~0.00258 M1 substitute x=2
Al cao
11
(iii y':(cosx—3x(y+0.1y2))x‘2 g Seenor implied by correct numerical
) value
X y y
1.8 0.034411 -0.12767 M1 use algorithm
1.9 0.021644 -0.12380 Al y(1.9)
2.0 0.00926 Al
3..) ( y(2.0)
Using smaller h would give greater B1

accuracy




3(i)

F=ma= mv% =mg —0.001mv? M1  N2L (accept just ma for M1)
dv 2

=Vv—=0-0.00lv El
dx

down positive so weight positive and resistance

. . : Bl
negative as it opposes motion

(i)

M1 separate

ILOZVzdv = [-0.002dx .
g —0.001v M1 integrate
In|g —0.001v2| =-0.002x+¢ Al  LHS (or multiple)
% :1000(g - Ae—O.OOZx) M1 rearrange
x=0,v=0=A=g M1 use condition
V= \/10009 (1-e002) Al cao
x=50=v=30.54 E1  must follow correct work
iii
(i) mvd—vzmg—va M1
dx
vﬂ =g-2v Al
dx
I V_dv= I dx M1 separate
g-2v
Al X+cC
1fl— 9 -
2-[( 1+ g _2dev x+e M1 attempt to integrate LHS
-Iv-4gin|g-2v|=x+c Al
x=50,v=30.54 = c=-7491... M1 use condition (correct value of v at least)
v=5=Xx=76.36 M1
S0 26.4 m deep Al
(iv)  terminal velocity when acceleration zero M1
=v=49 F1  follow their DE
o B1 increasing from (0,0)
054 B1 decreasing to asymptote at 4.9 (or follow
their value)
B1 cusp/max at (50, 30.54) (both coordinates
shown)
4.9
X

&0




4(i)  X=%-2y+cost M1 differentiate
= X—2(4x -3y +cost) +cost M1 substitute
=X—-8X+6Yy—cost
y =% (x+sint—x) M1 yinterms of x,x
X =X—8x+3(x+sint - X) —cost M1 substitute
X+ 2% +5x = 3sint —cost El
5
(i) 22 +24+5=0 M1 auxiliary equation
A=-1%2]j M1 solve to get complex roots
Al
CF x=e"(Acos2t+Bsin2t) CF for their roots (for complex roots
F1  must be in exp/trig form, not
complex exponentials)
Pl x=asint+bcost Bl
X=acost-bsint,X =—-asint—bcost M1 differentiate twice and substitute
-a-2b+5a=3 M1 compare
-b+2a+5h=-1 M1 solve
a=1,b=-1 Al
x=e"' (Acos2t+Bsin 2t)+1(sint —cost) F1 CF+PI
10
(iii)  y=%(x+sint-x) M1 yinterms of x,x
%=—e""(Acos2t+Bsin2t)+e™ (—2Asin 2t + 2B cos:
+%(cost+sint) M1 differentiate x
y=e"((A-B)cos2t+(A+B)sin2t)+1(sint—cost) M1 substitute for x,x
Al CF part
Al Pl part
5
(iv)  x~Z(sint—cost) F1
y ~ $(sint—cost) F1
hence for large t, x~y B1 must follow correctly from their
solutions
but unless B1  must follow correctly from their

A=B=0, A-B#AorA+B=Bsox=y

solutions




4758: Differential Equations (Written Examination)

General Comments

The standard of work was generally good. Questions 1 and 4 were attempted by almost all of the
candidates. Most then chose question 2 rather than question 3. Candidates often produced accurate work;
however errors in integration were common.

Comments on Individual Questions

1) (i)
(ii)

(iii)

(ii)

(iii)

(ii)

(iii)

(iv)

4) ()
(i)
(iii)

(iv)

This was often completely correct.

Many correct solutions were seen, but some candidates could not state the correct
complementary function associated with a repeated root of the auxiliary equation. When
considering the behaviour as t tends to infinity, it was recognised that candidates may

not know the behaviour of the te™ term, and so credit was given on the basis of how
they dealt with the other term.

When considering the complementary function in the general case, many candidates
omitted to consider complex roots of the auxiliary equation. When considering the real
roots, candidates often did not explain why both roots must be negative.

This was often done well, except for slips in the integration. However a minority of
students ignored the suggestion to separate variables and when using the integrating
factor method found the resulting integral difficult.

The integrating factor method was usually applied and understood, but errors were
common, in particular with the integration by parts and either omitting the constant or
failing to divide it by the integrating factor when expressing y in terms of x.

The Euler calculation was often done well but some worked in degrees and others
produced unrecognisable figures with no indication of method.

Most candidates were able to use Newton’s second law to obtain the differential
equation, but explanations of the signs were often vague.

Candidates tried various methods to solve the differential equation, and it was common
for separation of variables to be ignored. Even those who used the correct method often
made errors in integration.

This differential equation also caused problems for candidates. Many did not identify
the correct method, and even among those who did, correct solutions were extremely
rare.

Many were able to deduce the terminal velocity. The standard of graph sketching was
very variable. Some did not consider the entire motion, some ignored the initial
conditions, but some produced good sketches. Even some of those who had been unable
to solve the differential equations gained full credit here by deducing the key features of
the graph from the given information.

The elimination of y was often done well, although a few differentiated the first
equation with respect to x rather than t.

The solution was often done well, although minor slips were common.

Many candidates correctly used the first equation. Some tried to set up and solve a
differential equation for y; such attempts never tried to relate the arbitrary constants in
the two solutions.

The limiting expressions were usually well done, but many candidates did not make
clear conclusions in either case.





